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Abstract. Solitary electrostatic structures have been ob-
served in and around auroral zone field lines at various al-
titudes ranging from close to the ionosphere, to the magne-
topause low-latitude boundary layer (LLBL) and cusp on the
dayside, and to the plasma sheet boundary layer on the night-
side. In this review, various models based on solitons/double
layers and BGK modes or phase space holes are discussed
in order to explain the characteristics of these solitary struc-
tures.
1 Introduction
Plasma wave data from the Plasma Wave Instrument (PWI)
on Polar spacecraft indicate the presence of intense broad-
band plasma waves on the polar cap magnetic field lines
which map to the low-latitude (magnetopause) boundary
layer (LLBL). These waves are in the range of ELF/VLF
frequencies, are spiky and their frequency dependence and
intensities are quite similar to those of magnetopause bound-
ary layer waves (Gurnett et al., 1979; Tsurutani et al., 1981,
1989; Anderson et al., 1982; Gendrin, 1983; LaBelle and
Treumann, 1988; Rezeau et al., 1986; Zhu et al., 1996; Song
et al., 1998). These waves, therefore, are called polar cap
boundary layer (PCBL) waves (Tsurutani et al., 1998a). The
high-time resolution plasma wave data from Polar, in the po-
lar cap boundary layer (high-altitude auroral zone field lines),
have resolved the question about the cause of the “broad
bandedness” of the PCBL wave (Franz et al., 1998; Tsuru-
tani et al., 1998b). There are indeed whistler mode emis-
sions present, as suggested by Gurnett et al. (1979), but the
waves are patchy packets lasting only ∼10 ms in duration.
The packets occur with a variety of frequencies, and when
integrated over time, a rough power-law power spectrum
is formed. Superposed with the whistler mode emissions
are electric solitary waves with ∼ms durations (Franz et al.,
1998; Tsurutani et al., 1998b; Lakhina and Tsurutani, 1999).
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Such solitary waves (bipolar pulse structures) have been ob-
served earlier by the S3-3 (Temerin et al., 1982) and the
Viking (Bostro¨m et al., 1988; Koskinen et al., 1990) space-
craft, and recently by FAST (Ergun et al., 1998; McFadden et
al., 1999). Further, from the analysis of Polar perigee data at
auroral altitudes ∼6000 km, Mozer et al. (1997) found that
such solitary structures were associated with hydrogen ion
cyclotron waves. Matsumoto et al. (1994) and Kojima et
al. (1997) have detected them in the near-Earth plasma sheet
boundary layer on board GEOTAIL.
The typical scale sizes, L||, and velocities, Vo||, of soli-
tary structures parallel to the ambient magnetic field, as
deduced from the Polar data, are L|| ∼ 100 − 1000 m,
Vo|| ∼ 1000 km s−1 or higher (Franz et al., 1998). For the
case of GEOTAIL, L|| ∼ 2 − 5 km and Vo|| ∼1000 km s−1
and higher (Matsumoto et al., 1994; Kojima et al., 1997),
whereas the FAST data indicate L|| ∼ a few Debye lengths
and V o||  Cs , where Cs is the ion acoustic speed (Ergun et
al., 1998). Franz et al. (2000) have shown that electron holes
observed by Polar are roughly spherical for fce/fpe > 1, be-
coming more oblate (with perpendicular scale larger than the
parallel scale) with decreasing fce/fpe. Here, fce and fpe
represent, respectively, the cyclotron and plasma frequency
of the electron. A comparison of the characteristics of soli-
tary waves, such as their scale sizes and velocities, observed
by Polar in the high-latitude cusp, polar cap and plasma sheet
boundary layer, have been given by Cattell et al. (1999).
2 Theoretical models
Various models have been proposed to explain the solitary
pulses (for a review, Lakhina et al., 2000a). The bipolar elec-
tric structures observed by Polar and FAST have positive po-
tentials and are speculated to be electron holes (Mozer et al.,
1997; Franz et al., 1998; Tsurutani et al., 1998b; Ergun et al.,
1998a, b; Goldman et al., 1999; Muschetti et al., 1999). The
solitary structures observed by S3-3 and Viking have nega-
tive potentials and are interpreted as ion solitary structures
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or ion holes (Temerin et al., 1982; Bostro¨m et al. 1988;
Gray et al., 1991). Pottelette et al. (1990) and Dubouloz et
al. (1991a) showed theoretically that the generation of broad
band electrostatic noise can be interpreted in terms of trav-
eling electron-acoustic solitons. Bounds et al. (1999) have
found that positively potential solitary structures (electron
holes) are associated with electron beams, whereas the ion
solitary structures are associated with ion beams. Therefore,
all models fall basically into two categories, namely a) the
soliton/solitary wave models, and b) the BGK/Phase space
holes models.
2.1 Solitons/solitary waves
2.1.1 Ion acoustic solitons and double layers
Solitons (double layers) are the localized symmetric (asym-
metric) potential structures with no net potential drop (a
net potential drop). Such localized structures were detected
on the auroral field lines in the altitude range of 6000 to
12 000 km for the first time by S3-3 (Temerin et al., 1982)
and later on by Viking (Bostro¨m et al., 1988; Koskinen et
al., 1990). Several attempts have been made to explain these
observations in terms of ion acoustic solitary waves (Buti,
1980; Yu et al., 1980; Hudson et al., 1983; Qian et al., 1988;
Reddy and Lakhina, 1991; Reddy et al., 1992). Bharutram
and Shukla (1985) considered multidimensional solitons and
double layers in a magnetized plasma by taking into account
the Poisson equation, rather than the quasi-neutrality condi-
tion. Berthomier et al. (1998) studied the characteristics of
ion acoustic solitary waves and weak double layers in two-
electron temperature auroral plasma. The auroral plasma in
the auroral acceleration region is characterized by multi-ion
beams, such as H+, O+, He+ and a two-electron population.
Reddy et al. (1992) developed a general analysis for small
amplitude ion-acoustic solitons and double layers that take
into account any number of ion beams and their charges, to-
gether with cold and hot electrons. For the auroral plasma
parameters with only H+–O+ beams, their analysis predict
the excitation of fast and slow hydrogen (as well oxygen)
beam acoustic modes, which can be either rarefactive double
layers, rarefactive, or compressive solitons.
Figure 1 shows the variation of the potential 9 versus the
distance-like parameter η for the auroral plasma with two-
ion species, i.e. H+ and O+, for a fixed value of oxygen
beam density NO+, hydrogen ion beam density NH+, and
the temperature ratio of hot to cool electron components,
Th/Tc. In Fig. 1a, oxygen beam speed UO+, hydrogen beam
speed UH+, and the temperature of oxygen beam TO+, are
held constant while the temperature of the hydrogen beam
TH+ is varied. Here, all speeds are normalized with re-
spect to the oxygen ion acoustic speed, Cso = (Teff /mo)1/2;
densities are normalized with respect to total electron den-
sity no = nc + nh and the temperatures are normalized
with respect to the effective temperature of the electrons,
Teff = noTcTh/(ncTh+nhTc), where nc (nh) and Tc (Th) are
the density and temperature of the cold (hot) electrons. For
Fig. 1. (a) Double layer and soliton solutions for the auroral plasma
parameters nO+ = 0.4 n0 (where n0 is the total electron density in
the equilibrium state), Z2(= mO/mH ) = 16.0, nh = 0.9n0,M =
0.1, α = 0.01, Th/Tc = 500.0, UO+ = 0.2, UH+ = 0.5 and
TO+ = 0.1. The curves 1–4 correspond to the case of TH+ =
0.0, 0.02, 0.10 and 0.2, respectively. The curves 1 and 2 represent
rarefactive double layers. Curves 3 (FH), 3 (SH) represent rarefac-
tive solitons and curve 4 represents a compressive soliton. Here,
the notation FH, SH, FO and SO stands for fast hydrogen, slow
hydrogen, fast oxygen and slow oxygen beam-acoustic modes, re-
spectively. (b) Phase velocity V vs. temperature TH+ hydrogen
beam for admissible solutions of Eqs. (24) and (26) of Reddy et
al. (1992). The other plasma parameters are the same as in (a) (taken
from Reddy et al., 1992).
both fast and slow hydrogen acoustic modes, denoted by FH
and SH, it is seen that as TH+ increases, the rarefactive dou-
ble layer (RDL) becomes converted to the rarefactive soli-
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Fig. 2. Sagdeev potential V (φ) vs. potential φ for noc = 0.2 cm−3,
noh = 1.5 cm−3, nob = 1.0 cm−3, Tc/Th = 0.001, Ti/Th =
0.01, and vo/Vth = 0.1 for various values of normalized soliton
velocity V/Vth, as indicated on the curves (taken from Singh et al.,
2001a).
ton (RS) and then to compressive soliton (CS). The strength
and width of the RDL increases with the increasing tem-
perature of the hydrogen beam. The slow and fast oxygen-
acoustic modes, labeled SO and FO, respectively, are signif-
icant only at TH+ = 0.1 and 0.2. Figure 1b shows the varia-
tion of the normalized phase velocity, V (= Vph/Cso), with
TH+. It is seen that phase velocities of both fast (FH) and
slow (SH) hydrogen-acoustic modes increase with increas-
ing TH+, whereas that of fast (FO) and slow (SO) oxygen-
acoustic modes remain nearly constant.
The analysis of Reddy et al. (1992) predicts the typical
width of the double layers as WDL ∼ (5 − 8)ρo ∼ (600 −
960)m and that of solitons, Ws ' (2−5)ρo ∼ (240−600)m,
where ρo is the gyroradius of oxygen ions. In the auroral ac-
celeration region, ρo ∼120 m. The observed widths of the
solitary structures by S3-3 and Viking are∼200 m (Koskinen
et al., 1990; Temerin et al., 1982). Further, the phase veloc-
ities of DL/solitons are typically Vph ' (0.25 − 20)Cso '
(2 − 150) km s−1. The observed velocities of the solitary
structures are ' 50 km s−1.
2.1.2 Electron acoustic solitons
A detailed study of the properties of the broad band electro-
static noise in the dayside auroral zone has been presented by
Dubouloz et al. (1991b). Dubouloz et al. (1991a, 1993) stud-
ied the electron-acoustic solitons (EAS) with two electron-
components (cold and hot) and motionless ions, and showed
that the high-frequency broad band electrostatic noise in the
dayside auroral zone can be generated by the EAS. The effect
of upward propagating electron beams that are commonly
observed in the dayside auroral zone was not taken into con-
sideration. Berthomier et al. (2000) performed a parametric
study of the small amplitude electron-acoustic solitons in an
electron-beam plasma system.
Recently, Singh et al. (2001a) have extended the model of
Dubouloz et al. (1991a) by including the electron beam dy-
namics, ion motion, and adiabatic equation of state. They
studied arbitrary amplitude electron-acoustic solitons in an
unmagnetized auroral plasma with four components, namely
non-drifting Maxwellian hot electrons and fluid cold elec-
trons, an electron beam drifting along the x-axis, the direc-
tion of propagation of the electron-acoustic waves, and fluid
ions. In a stationary frame moving with speed V , the set of
fluid equations and the Poisson equation, on applying appro-
priate boundary conditions, can be reduced in the form of an
energy equation
1
2
(
dφ
dξ
)2
+ V (φ) = 0, (1)
where φ is the normalized potential of the nonlinear electron
acoustic wave, ξ is the normalized distance variable in the
stationary frame, and V (φ) is the Sagdeev potential which is
a complicated function of φ, as well as plasma parameters
(Singh et al., 2001a). The soliton solutions of Eq. (1) exist
when the usual conditions V (φ) = 0 and dV (φ)/dφ = 0 at
φ = 0 and V (φ) < 0 for 0 < |φ| < |φ0| are satisfied, where
φ0 is the maximum amplitude of the solitons. Figure 2 shows
the variation of Sagdeev potential V (φ) with the potential
φ for the auroral region parameters for an event observed
by Viking (Dubouloz et al., 1993). It is seen that electron
acoustic solitons can exist for 1 < V/vth < 1.5, where vth is
the thermal velocity of the hot electron component.
Figure 3 shows the variation of soliton amplitude φ with
ξ for the parameters of Fig. 2 for different values of normal-
ized electron beam drift velocity, v0/vth. The soliton am-
plitude decreases with the increase in the drift velocity and
the soliton solutions do not exist for v0/vth > 0.5. Also,
small values of the temperature ratio of beam to hot elec-
trons, Tb/Th, are required, in order to obtain soliton solu-
tions (not shown). Further, it is found that soliton solutions
exist only when the hot electron density, n0h, is in the range
of 0.75 cm−3 < n0h < 1.65 cm−3. The soliton amplitude is
found to increase with the increase in the hot electron density
within this range.
For the typical parameters, namely cold electron density
n0c = 0.2 cm3, hot electron density n0h = 1.5 cm−3, beam
electron density n0b = 1.0 cm−3, Th = 100 eV, Tb ∼1 eV,
Tc = Ti ∼1 eV, and v0/vth = 0.01− 0.5, i.e. corresponding
to the electron beam drift velocity v0 ∼ 40 − 2100 km s−1,
the typical electric field associated with solitons is found
to be E|| ∼ 10 − 400 mV/m and the typical soliton half
widths are ∼1–4 Debye in length. The typical velocities
of the electron-acoustic solitary structures are found to be
∼ (1.1−1.5)vth ∼ (4500−6300) km s−1. These predictions
of the model need to be checked with the observed beam pa-
rameters in the auroral acceleration region.
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Fig. 3. Potential φ vs. ξ for various values of vo/Vth for V/Vth =
1.4. Other parameters are the same as Fig. 2 (taken from Singh et
al., 2001a).
Recently, Ghosh et al. (2000) have shown that nonlin-
ear evolution of 2-D electron-acoustic waves is governed by
the Davey-Stewartson I equation, which contains so-called
dromion solutions. It is shown that increasing electron tem-
perature enlarges the dromion’s parametric space. Implica-
tions of these two-dimensional localized solutions to the ob-
served solitary structures needs to be explored.
2.1.3 Nonlinear ion cyclotron waves
Reddy et al. (2002) have developed an analytical model of
the coupled nonlinear ion cyclotron and ion-acoustic waves,
which could explain the FAST observations (Ergun et al.,
1998) of strong, spiky waveforms in the parallel electric
field, in association with ion cyclotron oscillations in the per-
pendicular electric fields. Using the fluid equations for the
plasma consisting of warm electrons and cold ions, a nonlin-
ear wave equation is derived in the rest frame of the propa-
gating wave for any direction of propagation oblique to the
ambient magnetic field. The equilibrium bulk flow of ions,
v0, is also included in the model to mimic the field-aligned
current. In a frame of reference, where the space coordi-
nate x and time coordinate t depend on a single variable
η = (x − V t)(i/V ), where i is the ion cyclotron fre-
quency and V is the phase velocity of the wave, the evolution
equation for the normalized potential 9 of the coupled non-
linear ion cyclotron and ion-acoustic waves can be written
as
(
e−29 −M−2A
) d29
dη2
− 2e−29
(
d9
dη
)2
+ χ(9) = 0, (2)
where
χ(9) = e9
(
M2
M2A
+ 2E 2
0
)
− M
2
M2A
−
M2 cos2 θe9
M2A
(
e9 − 1) . (3)
Equation (2) is derived using the conditions, 9 =
0, d9/dη = E0, and d29/dη2 = 0 at η = 0. Here,
MA = (M − v0/Cs), where Cs is the ion acoustic speed,
M = V/Cs is the Mach number of the nonlinear wave, and
E0 is the driving amplitude of the electric field at η = 0.
For E0 = 0, v0 = 0, and θ = 90◦, Eq. (2) reduces to the
evolution equation of the perpendicularly propagating wave
(Temerin et al., 1979). For E0 = 0, v0 = 0, Eq. (2) goes
over to that of Lee and Kan (1981).
Equation (2) has been solved numerically by Reddy et
al. (2002) over a wide parametric space. For nearly paral-
lel propagation, the electric field is found to exhibit a variety
of waveforms, for example, sinusoidal, sawtooth or highly
spiky waveforms, depending upon the driving amplitude E0,
Mach number M , and the bulk flow velocity v0. Figure 4
shows the variation of the parallel electric field for Mach
number, M = 1.25, v0 = 0 and for different driver strengths.
It is seen that the E|| shows ion cyclotron oscillations for
smallE0 (Fig. 4a) and with increasing driver strength, the cy-
clotron oscillations tend to steepen (Fig. 4b). As the driving
amplitude increases, a driven ion acoustic mode, which ex-
hibits waveforms somewhat similar to the sawtooth type with
a period twice the ion cyclotron period, is seen in Fig. 4c. A
further increase in driver strength yields a driven ion acoustic
oscillation with highly spiky bipolar structure in the wave-
form, with a periodicity of about four times the ion cy-
clotron period (Fig. 4d) and with a great deal of similarity
to the FAST observation (Ergun et al., 1998). Using the
actual number for various parameters, the spiky structures
are found to have E|| ∼50 m V/m to a few V/m, scale sizes
∼ (75 − 1500)m and velocities ∼ (10 − 600) km s−1. Ob-
servations by FAST can be explained naturally by assuming a
mixture of near-parallel and near-perpendicular propagating
wave modes.
2.2 BGK modes/phase space holes
These models are based on the solutions of the stationary
Vlasov equation and Poisson’s equation. The trapped par-
ticles play crucial roles in these models (Bernstein et al.,
1957; Turikov, 1984). The waveform observations by the
plasma wave instrument on board the Geotail spacecraft have
shown that broad band electrostatic noise (BEN) consists of
a series of bipolar solitary pulses (Matsumoto et al., 1994).
They showed that the broadness of the BEN frequency spec-
tra arises from the solitary waveforms. A likely genera-
tion mechanism for BEN is based on the nonlinear evolution
of the electron beam instabilities, leading to the formation
of the isolated Bernstein-Greene-Kruskal (BGK) potential
structures, which reproduce well the observed electrostatic
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Fig. 4. Numerical solution of the normalized parallel electric field (= ∂9/∂η) of nonlinear electrostatic ion cyclotron and ion acoustic waves
for the parameters θ = 20,M = 1.25, δ = 0 and E0 = 0.05 (a), 0.10 (b), 0.5 (c), and 1.1 (d) (taken from Reddy et al., 2002).
solitary waveforms (Omura et al., 1994, 1996, 1999; Kojima
et al., 1997, 1999). An example of the time evolution of
the bump-on-tail instability obtained by the one-dimensional
computer simulations is shown in Fig. 5. The right and left
panels display the time series of electron phase diagrams and
reduced electron velocity distributions. The vortices shown
in the left panel are electron holes formed by trapped elec-
trons due to isolated electrostatic potentials, which are gen-
erated by the nonlinear evolution of the bump-on-tail insta-
bility.
Muschietti et al. (1999) have interpreted these solitary
structures observed by FAST (Ergun et al., 1998a, b) in terms
of BGK phase-space electron holes drifting along the mag-
netic field lines. Goldman et al. (1999, 2000) have given an
explanation for these bipolar structures in terms of nonlin-
ear two-stream instabilities, a mechanism similar to that of
the plasma sheet boundary layer BEN proposed by Omura
et al. (1996) and Kojima et al. (1997). An example of the
2-D simulations of counterstreaming electron beam instabil-
ity done by Goldman et al. (2000) is shown in Fig. 6. It is
seen that the initial evolution to bipolar structures in the x-
direction, the direction of the ambient magnetic field, is fol-
lowed by the excitation of whistlers, which dominate at later
times.
Singh et al. (2001b) have performed 3-D particle simula-
tion of electron beam driven instabilities to explain the char-
acteristics of the solitary structures observed on the auroral
field lines. Figure 7 shows some results of their simulations
for a finite-sized fast electron beam with Vb/Vte = 8. Here,
Vb is the beam velocity and Vte is the electron thermal speed.
It is seen that the high-frequency plasma waves are gener-
ated first, followed by the dominance of lower hybrid (LH)
waves, then ion cyclotron waves (see left-hand panel). The
electron hole vortexes form, but they are transitory, as seen
from the right-hand panel. On the other hand, simulations
with relatively slow electron beams show the formation of
long-lasting electron holes, especially when the electrons are
highly magnetized (Singh et al., 2001c). Both simulations
indicate ion heating due to lower hybrid waves.
3 Conclusions
The solitary structures observed by several spacecraft in dif-
ferent regions of the magnetosphere, for example, auroral
zone field lines, including the polar cap boundary layer, cusp,
and the plasma sheet boundary layer, can be explained either
in terms of soliton models or BGK modes, where trapping of
electrons in the nonlinear wave plays a crucial role. The soli-
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Fig. 5. Time evolution of the bump-on-tail instability. Right and
left four panels show the time series of electron phase diagrams
and electron velocity distribution (taken from Omura et al., 1996,
Fig. 7).
ton models can produce both positive and negative potential
structures, depending upon the plasma and field parameters
of the region. The 2-D and 3-D particle simulations of the
electron beam driven instabilities have given useful informa-
tion on the life-time of electron holes, as well as on the ion
heating (Omura et al., 1999; Goldman et al., 2000; Singh,
2001). The 3-D simulations of electron-beam driven elec-
tron holes indicate that, initially a large number of electron
holes are formed. They merge continuously, and at a later
time, only a few electron holes are left and they decay by
emitting low-frequency whistler waves (Singh, 2002). How-
ever, only a fraction of the possible parametric space where
solitary structure can exist has been simulated. On the theo-
retical front, there is a need to develop BGK type solutions
in 2-D and 3-D for the electrostatic modes and also to extend
the analysis to the case of some electromagnetic modes, say,
Fig. 6. Wave electric field structures in 2-D. (a) Detail of |E(x, y)|2
at an early time showing bipolar structures and low-level whistlers.
(b) |E(x, y)|2 at late, whistler-dominated time (taken from Gold-
man et al., 2000).
like whistler, to account for the magnetic component. How-
ever, a full kinetic theory would be needed to account for the
observed characteristics of the solitary structures.
There is a need to explore the suitability of other soliton
models not discussed here, for example, Langmuir, lower hy-
brid and whistler solitons, for explaining the properties of the
observed solitary structures. Polar observations clearly indi-
cate a significant magnetic component associated with the
electrostatic bipolar structures (Tsurutani et al., 1998b). A
whistler soliton model would be able to explain the mag-
netic field component associated with the electrostatic soli-
tary pulses in a natural way. The stability of the soliton mod-
els in 2-D and 3-D needs to be explored. For example, for
3-D perturbations, LH and whistler solitons are modulation-
ally unstable. This may put restrictions on the possible pa-
rameters for where soliton models can be applied to real sit-
uations.
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Fig. 7. Left panels show the potential and its Fourier transforms: (a) temporal evolution of the potential at the point P (16, 24, 5). Such a
temporal evolution is typical of the entire plasma. (b) The FFT of φ(t) in panel (a). Right panels show electron phase space and velocity
distribution: (b) Vz −Vx phase space showing vortexes involving the beam electrons at t = 100. (a) The same phase space at t = 400, when
the vortex structures have dissipated. (c) The velocity distribution f (Vx , Vz) is shown by contours of its constant values. The contour levels
are on logarithmic scale, and all contours between those labeled with 2.5 and 1 are equispaced with an interval of 0.2 (taken from Singh et
al., 2001b).
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